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Abstract—Microtubules are essential structures for cellular
organization. They support neuronal processes and cilia, they
are the scaffolds for the mitotic spindle, and they are the
tracks for intracellular transport that actively organizes
material and information within the cell. The mechanical
properties of microtubules have been studied for almost
30 years, yet the results from different groups are startlingly
disparate, ranging over an order of magnitude. Here we
present results demonstrating the effects of puriﬁcation,
associated-protein content, age, and ﬂuorescent labeling on
the measured persistence length using the freely ﬂuctuating
ﬁlament method. We ﬁnd that small percentages (<1%) of
residual microtubule-associated proteins left over in the
preparation can cause the persistence length to double, and
that these proteins also affect the persistence length over
time. Interestingly, we ﬁnd that the fraction of labeled
tubulin dimers does not affect the measured persistence
length. Further, we have enhanced the analysis method
established by previous groups. We have added a bootstrapping with resampling analysis to estimate the error in the
variance data used to determine the persistence length. Thus,
we are able to perform a weighted ﬁt to the data to more
accurately determine the persistence length.
Keywords—Flexural rigidity, Bending stiffness, Cytoskeletal
network.

INTRODUCTION
Microtubules are non-covalent polymer tubes made
from tubulin protein hetero-dimers.8 They are essential
to a number of vital cellular processes including
intracellular transport, mitosis, and cell morphology.
Microtubules have a large impact on the interior
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organization of the cell, and this organization depends
on their ability to be long, straight, rigid rods. Further,
several recent engineering studies have begun to use
microtubules as scaffolding for nano-scale endeavors.3,14 Some have proposed to use them as drugdelivery shuttles with their open lumens loaded with
the drug of choice. Microtubules can then be inserted
into the cell, and the drugs can be slowly released over
time.32 Microtubules have been demonstrated to be
molecular shuttles that can be propelled on a bed of
motor proteins and directed with magnetic
ﬁelds.7,16,17,24 Thus, the rigidity of microtubule ﬁlaments is an important question for basic biology,
biomedical engineering, and nanoscience disciplines.
Microtubule rigidity has been studied for almost
30 years by a variety of biophysical methods (for a
review, see Hawkins et al.15). Previous measurements
of microtubule persistence length show large variability and inconsistency in the literature.15 Even studies of
the same parameters and method performed by different groups can have discrepancies of up to an order
of magnitude (0.5–5 mm).15 Further, measurements in
the same study have a large deviation in the resulting
persistence lengths (see for instance Brangwynne et al.2
and Gittes13), making it difﬁcult to perform accurate
statistics to compare between different experimental
parameters. These discrepancies could arise from differences in tubulin source and preparation, tubulin
isotype, post-translational modiﬁcations, puriﬁcation
and storage, labeling, and the presence and type of
contaminating microtubule-associated proteins.
To add to the confusion, two studies have reported
that microtubules have a persistence length that
depends on the contour length.21,28 These experiments
used similar experimental systems, but one found the
effect only in the absence of the chemotherapeutic drug
Taxol,20,21 while the other had Taxol present.28 This is
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contrary to polymer theory and continuum mechanics,
which assumes that the mechanical properties of a
material do not depend on the amount of the material
present. If these studies are correct, it implies that the
mechanics of short microtubules are not governed by
continuum mechanics, and the inter-dimer bonding is
important.34
Using the thermal ﬂuctuation method with a bootstrapping analysis, we compared the eﬀects of several
parameters: preparation purity, age of stable microtubules, and labeling. Many studies take for granted
that the persistence length will not change much with
these variables. Here, we report that preparation and
age can aﬀect the persistence length measurement by a
factor of 2, but that labeling does not. Further, we are
able to see clear diﬀerences by comparing the normal
distributions of persistence length measurements after
natural-log transforming the data. The ability to use
normal distributions gives more statistical strength to
the diﬀerences we ﬁnd.

EXPERIMENTAL METHODS

Previous studies have only ﬁt the ﬁrst few modes,
with low noise, to a form where the variance is
inversely proportional to the persistence length, without the noise term2,13:
 2
Lc
1
varðan Þ ¼
ð2Þ
np Lp
Others have used Eq. (2) to directly calculate Lp for the
ﬁrst few modes and then average them together.19 In
order to increase the accuracy of our measurements,
we wanted to determine the error in the variance estimate. Directly doing this would require multiple
measurements on the same microtubule, but such
experiments are difﬁcult since the ﬂuorescence signal
and the microtubule itself both degrade with prolonged
exposure to light.2,13 Instead, we implemented the
bootstrap method to resample each data set giving us
the variance as well as its standard error, where the
error can be used to perform a weighted ﬁtting to
Eq. (1).

Reagents and Experimental Procedures

Fluctuating Filament Method
The most frequently used technique to study ﬁlament mechanics was established independently by two
groups.13,26 This technique uses observations of thermally induced ﬂuctuations in the ﬁlament shape, and
have been used extensively.2,4,13,15,19,21,23,27 The ﬁlament is imaged, typically in ﬂuorescence, and the
image is segmented for analysis. For the freely ﬂuctuating methods, the shape is approximated by Fourier
mode decomposition into sines or cosines. The persistence length is inversely proportional to the variance of
the mode amplitudes. For long-wavelength modes
(n < 5), the signal of the ﬁlament shape is typically
much larger than the noise, but for higher modes, the
noise dominates because the shot and thermal noise of
the video microscopy technique has ﬂuctuations on the
same spatial wavelength (Eq. (1)).13 Gittes derived a
now well-used formula that takes into account that the
noise ﬂoor rises at high mode numbers:
 2
 np i
Lc 1
4  2 h
varðan Þ ¼
þ
ek 1 þ ðN  1Þ sin2
2N
np Lp Lc
ð1Þ
where, var(an) is the variance nth mode amplitude, a,
measured from the data, Lc is the contour length of the
ﬁlament, and N is the number of segments taken along
the microtubule to describe
its shape.13 The ﬁtting

2
parameters Lp and ek are the persistence length and
the average of the error due to noise in the position
squared, respectively.

Unless otherwise stated, all reagents were purchased
from Sigma. Tubulin was either purchased from a
commercial vendor (Cytoskeleton, Denver, CO) or
made in-house. Commercial tubulin from porcine
brains that was unlabeled (Cytoskeleton catalogue
#TL238, lot #053) or labeled with tetramethylrhodamine to a ratio of 1–2 rhodamine dyes per dimer
(Cytoskeleton catalogue #TL590M, lots #003 and
#013) were both delivered lyophilized and stored at
80 C until use. Cytoskeleton tubulin is made by
three cycles of polymerization and depolymerization
followed by a phosphocellulose (PC) column to
remove excess MAPs, as described.33 All rhodamine
tubulin was purchased and not made in-house.
In-house tubulin was puriﬁed as previously
described.29 Brieﬂy, three pig brains were homogenized
in PEM-100 (100 mM PIPES, pH 6.8 with KOH,
2 mM EGTA, and 1 mM MgSO4) and centrifuged to
retain the supernatant with soluble tubulin proteins.
Tubulin was puriﬁed from the supernatant by polymerization at 37 C by adding an equal volume of
GPEM-76 [8 M Glycerol (58% vol:vol), 76 mM
PIPES, 2 mM EGTA, 1 mM MgSO4] with 1 mM
Guanosine Triphosphate (GTP). The microtubules
were pelleted at 300,0009g at 37 C for 45 min, and
the supernatant was removed. Pellets were resuspended
at 4 C by homogenization to depolymerize microtubules. This completed one cycle of polymerization and
depolymerization that was repeated two more times.
After three cycles, a fourth cycle was performed in the
presence of 1 M PIPES to remove the remaining
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MAPs. Aliquots of 10 mg/mL tubulin were drop frozen in liquid nitrogen and stored at 80 C until used.
We will refer to our in-house tubulin as ‘‘in-house’’
throughout the text to distinguish it from the ‘‘commercial’’ tubulin.
Lyophilized tubulin (unlabeled or rhodaminelabeled) was hydrated in PEM-100 to 5 mg/mL without GTP and allowed to resuspend for 10 min at 4 C.
Rhodamine tubulin was mixed with unlabeled tubulin
to desired ratio (7, 10, 16, or 25%). Tubulin was centrifuged at 298,0009g at 4 C to remove any aggregated tubulin. GTP was added to 1 mM to the
supernatant and incubated at 37 C for 20 min to
polymerize microtubules. Paclitaxel (Taxol) was added
to 50 lM to stabilize microtubules. Microtubules were
incubated at 37 C for 20 min to equilibrate the Taxol.
Microtubules were centrifuged at 14,0009g for 10 min
at 25 C to remove any unpolymerized tubulin, and the
pellet was resuspended in PEM-100 with 50 lM Taxol,
but without GTP. We added 7.65 mM Sodium Azide
to prevent bacterial growth. The microtubules were
stored at 37 C.
Slides and cover glass (Fisher 1.5 cat #CO406) were
cleaned by 70% ethanol and dried with Kimwipes. Slides
and cover glass were coated with Kappa-Casein (10 mg/
mL in PEM-100) by pipetting a 10 ll drop of casein onto
Paraﬁlm and placing the slide or cover glass onto the
drop so that it spread over the entire cover glass surface.
Casein blocks the glass to prevent microtubules from
adhering. The slide and cover glass were allowed to air
dry under a Petri dish to keep free of dust.
Microtubules were diluted to 0.05 mg/mL in PEM100 with 50 lM Taxol, and an oxygen scavenger system
(0.45 mg/mL glucose oxidase, 0.134 mg/mL catalase,
and 13.6 mg/mL glucose) was added to prevent photobleaching and damage. We dropped 0.85 lL of microtubule dilution on the slide, and placed the cover glass on
top with the casein-coated sides facing the inside of the
sample. Samples were ﬁrmly pressed to ensure the
microtubule sample spread throughout the entire cover
glass area. A Kimwipe was used to wick excess sample
from the edges while pressing. Chambers were sealed on
all four sides using a thin layer of epoxy that was allowed
to fully dry before imaging.
Chamber thickness was determined by the calibrated microscope focus noting the height between the
top and bottom of the chamber. The diﬀerence
between the heights gave the thickness of the sample,
which had to be £3 lM to be used in the assay.
Microtubules were imaged in epi-ﬂuorescence using a
Nikon TiE scope with Intenselite illumination, a 609,
1.49 NA objective with a 2.59 image expander (Nikon)
in front of the Cascade II EM-CDD camera (Roper)
cooled to 80 C. Images were captured to RAM with
no delay with a 100 ms exposure time interval for 1000

frames. Microtubules chosen for imaging needed to be
well separated from all other ﬁlaments, freely ﬂuctuating, and conﬁned within one focal plane. A 2:1 signal
to noise ratio of ﬂuorescence images above background was required for analysis. Data were recorded
as nd2 ﬁles using NIS Elements (Nikon) and exported
as 16-bit gray scale tiﬀ ﬁles.
Data Analysis
Data of ﬂuctuating ﬁlaments were analyzed using
MATLAB code. Prior to analysis in MATLAB, the
images of the microtubules were cropped and rotated
using NIS Elements. The images were cropped to
remove other ﬁlaments and to reduce processing time.
The images were rotated so that the microtubules were
close to horizontal for analysis, since vertical ﬁlaments
would cause two values of y for a single x-value, which
would be diﬃcult to ﬁt to a function in the MATLAB
code.
Our MATLAB code read the cropped tiﬀ ﬁles,
thresholded the images to black and white, dilated the
images to ﬁll holes, and skeletonized each image of the
ﬁlament. Skeletonized images that still had holes or
had signiﬁcant length changes (>10%) were discarded
and not included in the analysis. The microtubule was
segmented into 23–25 equally spaced segments that
deﬁned the position of the ﬁlament in either x–y
coordinates or in distance along the ﬁlament, s, and
angle between the s and s + 1 segment is hs.13
Next, the MATLAB code used the ﬁlament position
to determine the Fourier mode amplitudes for each
image for the ﬁrst 25 modes (an, 1 < n < 25), as previously described.2,13 The data were analyzed further
using either the previously established method by
Gittes, which we call ‘‘Prior’’, or the new bootstrap
method we present here.
The MATLAB code calculated the variance of the
amplitude for each mode over the entire data set of
1000 frames. The data were plotted over the mode
number, to determine which modes were dominated by
the noise regime. The ﬁrst 2–4 modes were ﬁt with Eq.
(2) to ﬁnd the persistence length Lp, as reported previously,2,13,23 and the ﬁtting error was quoted as the
error in Lp (Fig. 1c, black ﬁt curve). Alternatively, Eq.
(2) was used to individually calculate Lp for each of the
modes 2–5. These values of Lp were averaged and the
standard deviation was taken as the error in the measurement, as previously reported.19 These two methods
revealed similar results for the persistence length and
were implemented as the ‘‘Prior’’ method. The error
due to noise was calculated by ﬁtting the ﬁnal 5–25
modes to the second term of the sum in Eq. (1) to
determine, and the
 error in the ﬁt was used for the
error value of e2k :
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We performed the bootstrap10 and statistical analysis using R (http://www.R-project.org).31 Previous
reports showed that the amplitude values could be
correlated, especially for the ﬁrst few modes.2 Therefore, we imported the amplitudes from the MATLAB
analysis and applied the auto-correlation function:
PNmax s
ðan ðtÞ  han iÞðan ðt þ sÞ  han iÞ
ACFn ðsÞ ¼ t¼1
PNmax
2
t¼1 ðan ðtÞ  han iÞ
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FIGURE 1. Bootstrap analysis of the amplitude data. (a) Plot
of the autocorrelation function of the amplitudes of mode 1 (a1)
over time in frames (bars). The data were fit to an exponential
decay function: y ðtÞ ¼ A expðt=sc þ B Þ, where A is the
amplitude, sc is the characteristic decay time, and B is a
parameter to shift the fit (red line). The value of sc determined
the number of correlated frames in our raw data. For this
example, sc = 14.177 frames = 1.418 s. (b) Histogram of the
variance of the amplitudes of mode 1 shown in (a) (bars). After
bootstrapping 5000 data sets the distribution is normal. The
histogram was fit to a Gaussian function to guide the eye (red
line). (c) Plot of the variance in pixels as a function of mode
number. Red circles indicate the mean variance with error bars
representing the standard error calculated from bootstrapping. Black circles plotted for modes 2–5 represent variance
calculated from the same data set without bootstrapping as in
prior methods. The red curve is a weighted fit of Eq. (1) to all
bootstrap data. The black curve is a fit of Eq. (2) to modes 2–5
of the prior method. The persistence length from the bootstrap
analysis is 1.41 and 1.03 mm from prior method.

where t is the time step in frames, s is the frame shift of
the correlation, Nmax is the maximum number of
frames, and han i denotes the average value of the nth
amplitude (Fig. 1a). We ﬁt the autocorrelation function to a decaying exponential to ﬁnd the characteristic
time of correlation in our data, sc. We took the total
number of frames, Nmax, and divided it by the correlation time to determine the number of independent
frames, Nind. We adopted a subsampling bootstrap
technique30 where we randomly sampled Nind frames
from our data set. This approach is suitable since there
is not a unique set or selection of ‘‘independent’’
frames, and, due to the stochastic dynamics, independent frames are not simply evenly spaced in the data
set. By resampling the data and calculating the distribution of our statistic (in this case Fourier coefﬁcients),
we obtain a better estimate for the statistic as well as its
standard error.
We sampled with replacement Nind amplitudes from
the total of Nmax frames, calculating the variance for
each mode and repeating this procedure 5000 times. A
histogram of the 5000 variances showed a normal
distribution (Fig. 1b), as expected. We directly calculated the mean variance as well as its standard error.
We plotted the variance with error as a function of the
mode number and ﬁt the ﬁrst 25 modes using weighted
multiple
  linear regression to ﬁnd the parameters, Lp
and e2k in Eq. (1) (Fig. 1c, red circles and red ﬁt
curve). The weighting was done using the inverse of the
standard error
 of each point. The errors in the ﬁts for
Lp and e2k were quoted as the error for each.
RESULTS
Bootstrapping to Find an Error in the Variance
Previous measurements that have used freely ﬂuctuating cytoskeletal ﬁlaments calculated the variance in
the normal modes to determine the persistence length
of the ﬁlament, using Eq. (1). This method is correct in
practice, however it is prone to error since it is strongly
dependent on the variance of the ﬁrst few modes, and
these modes have potential inaccuracies due to sampling and correlation issues.
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To overcome this problem, one could determine the
error in the variance directly by sampling the same
microtubule multiple times. Unfortunately, the illumination causes photobleaching that decreases signal.
Further, photodamage will likely alter the microtubule
properties over the time it would take to collect the
data. Instead, we decided to use bootstrapping to
resample the mode amplitudes. We ﬁrst determined the
number of independent frames, Nind, by ﬁnding the
autocorrelation time for the ﬁrst Fourier mode
(Fig. 1a). We then sampled Nind frames out of the full
data set, with replacement, and then calculated the
variance for each mode. By repeating this resampling
procedure 5000 times, we recovered a normal distribution (Fig. 1b) allowing us to assign a mean variance
as well as a standard error for each mode. These values
were used to perform a weighted multiple linear
regression
  using Eq. (1) to determine the values for Lp
and e2k (Fig. 1c).
Our bootstrapping of the amplitude data gave us
more information about the variance of the data,
which allowed us to place error bars and perform a
weighted ﬁt of Eq. (1) to the variance as a function of
mode number (Fig. 1c). When the ﬁt to variance data
for all 25 modes was performed without weighting, we
found the noise regime alters the ﬁt of Eq. (1) resulting
in a persistence length that is 3 orders of magnitude
lower than expected (Supplemental data, Fig. 1A). It is
clear from the plot that the ﬁt to the low modes is
suffering to accommodate the higher mode ﬁt. Thus, in
order to use Eq. (1) to ﬁt all data, weighting was
required. This poor ﬁtting of Eq. (1) to all the mode
data is why prior groups used the shorter Eq. (2) to ﬁt
to just the lowest few modes.13
We deduced the persistence length from our
unweighted, low mode data using Eq. (2) and compared it to the persistence length determined from our
weighted data over all modes using Eq. (1). We noticed
that there was a slight increase in the resulting persistence length using the weighted ﬁt (Fig. 1c, Supplemental Fig. 1B). The bootstrapping did not change the
variance of the mode measurements by very much, so
this cannot account for the differences in measured
persistence length for the prior and bootstrapping
methods. The difference must be accounted for in the
ﬁtting of the data. We believe that the increased persistence lengths determined by the weighted ﬁt are a
better estimate of the true persistence lengths because
they take experimental error into account.
Persistence Length is a Log-Normal Distribution
We measured the persistence length of over 200
microtubules with a variety of diﬀerent conditions. For
any one condition, we found that a histogram of the

persistence length is log-normally distributed (Fig. 2a).
Log-normal distributions are characterized by a
smaller median value than the mean and a long tail at
larger values. We ﬁt our data to a log-normal function:
!
ðlnðx  x0 ÞÞ2
fðxÞ ¼ A exp 
ð4Þ
2S2
where A is the amplitude of the function, x0 is the center
of the distribution, and S relates to the width (Chisquared = 212). Log-normal distributions are usually
the result if the variable is a product of independent
variables with similar widths.22 The persistence length
is a product of the Young’s Modulus (E) and the 2nd
moment of area (I) divided by the product of the
Boltzmann constant (kB) and absolute temperature (T):
Lp ¼

EI
kB T

ð5Þ

where (E) and (I) are both likely normally distributed
about their average values for real microtubules (see
‘‘Discussion’’ section).
We transformed the data by performing the natural
log operation and found that the transformed data were
Gaussian, as expected for log-normal data (Fig. 2b, ﬁt
parameters in the caption, Chi-squared = 0.003). We
performed the binning with several bin sizes, and found
they all showed a normal distribution with similar ﬁt
parameters. In order to compare persistence length data
between different conditions and prove that they are
statistically signiﬁcant, we compared histograms of the
ln-transformed data because they are normally distributed.
Another method to compare probability distributions is to compare the cumulative distributions.
Cumulative distributions do not require binning the
data and the possible errors that can arise through that
process. We normalized the cumulative distributions so
that the total cumulative probability for all microtubules equaled one. We will compare normalized
cumulative probability distributions between diﬀerent
data sets to demonstrate that diﬀerent conditions are
distinct.
Persistence Length Depends on Tubulin Preparation
We polymerized microtubules from two diﬀerent
preparations of tubulin and consistently found diﬀerent
persistence lengths distributions depending on the
tubulin preparation method (Fig. 3a). The PC puriﬁed,
lyophilized tubulin was purchased from Cytoskeleton,
called ‘‘commercial.’’ We also prepared tubulin in
house by removing MAPs with a high concentration of
PIPES salts, called ‘‘in-house.’’ Each of these batches
consistently showed the same persistence length
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FIGURE 2. Distribution of the persistence length data were
log-normal. (a) Normalized histogram of the microtubule persistence length (bars) fit to a log-normal function, Eq. (4)
(line). Fit parameters for the data are A = 12 6 2,
x0 = 20.73 6 0.07, S = 0.33 6 0.06, and the goodness of fit is
0.66, the Chi-squared is 212, and the number of microtubules
is 29. (b) Normalized histogram of the natural ln-transformed
persistence length (bars) fit to a normal, Gaussian distribution
(line). Fit parameters for the data are A = 35 6 2,
x0 = 20.59 6 0.08, r = 1.6 6 0.1, and the goodness of fit is
0.98, the Chi-squared is 0.003, and the number of microtubules is 29. (c) Cumulative distribution of persistence length.
The cumulative distribution was found by the following procedure: The persistence lengths were arranged in ascending
order. We numbered the persistence length values from 1 to n,
where n is the number of microtubules in the sample, in order
to sum the number of microtubules with persistence length at
or below the given value. We normalized the cumulative distribution by dividing the series 1 to n by n, so that the total
probability of finding a persistence length of the maximum
value or lower was equal to one.

distribution for multiple aliquots of the same tubulin.
To compare these two types, we kept the rhodamine
concentration at 16% and measured them within 3–6 h
of polymerization. We ﬁnd that the commercial tubulin
is stiffer (Lp = 1.6 ± 0.3 mm, ﬁt parameters given in
the ﬁgure caption, Chi-squared = 0.003) than the
in-house tubulin (Lp = 0.6 ± 0.1 mm, ﬁt parameters
given in the ﬁgure caption, Chi-squared = 0.003)
(Fig. 3a). We performed a student’s t-test on the distributions of ln-transformed data and found there is only a
0.1% probability that these distributions are the same.
Therefore, we are 99.9% conﬁdent that these distributions are distinct. These differences are also illustrated in
the cumulative probability distributions (Fig. 3b).
We performed SDS-Page gels with Coomassie blue
staining to quantify the percentage of contaminating
MAPs in each preparation. We loaded wells with 20, 10,
or 5 lg of tubulin dimers from the commercial or
in-house tubulin. We quantiﬁed the intensity of each
band using ImageJ. We found that both the in-house and
commercial tubulin were about 99% pure tubulin with
only a few contaminating bands in the high molecular
weight range >100 kD (Supplemental Fig. 2B).
Using SDS-Page alone, we cannot tell if these contaminating bands are MAPs or other proteins that do
not bind to microtubules. In order to test if these
proteins consisted of functional MAPs, we ran SDSPage gels of the polymerized microtubules we used in
our samples after the ﬁnal pelleting step. Interestingly,
the high molecular weight bands of the tubulin samples
are enhanced in the commercial samples after polymerizing and pelleting (Fig. 3c). The fact that these
high molecular weight proteins are present after pelleting means that they were bound to the microtubules,
and they are likely MAPs. The darkening of these
bands after pelleting means that the concentration has
increased slightly compared to the concentration in the
tubulin dimer sample (compare Supplemental Fig. 2B
with Fig. 3c). This corroborates the conclusion that
they are active MAPs. We do not see this enhancement
of the bands in the in-house tubulin samples (compare
Supplemental Fig. 2B with Fig. 3c).
Persistence Length Changes with Age
For each type of preparation, commercial and
in-house tubulin, we performed assays on the same
Taxol-stabilized microtubules within 3–6 h of polymerization (called ‘‘4 h’’) and then repeated the measurement on the same set of microtubules 24–26 h later
(called ‘‘24 h’’). We repeated these assays on multiple
samples of microtubules. All microtubules used 16%
rhodamine. We found that the commercial tubulin
showed a decrease in average persistence length from
1.6 ± 0.2 mm to 0.8 ± 0.1 mm after 24 h (Fig. 4a, ﬁt
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parameters given in the ﬁgure caption, Chisquared = 0.003 for 4 h and 0.005 for 24 h data ﬁts).
We performed a student’s t-test on the distributions of
ln-transformed data and found only a 0.1% probability that they are the same distribution. Therefore, we
are 99.9% conﬁdent that the persistence length of the
commercial microtubules changed over a one-day time
course. The differences are also clear in the cumulative
probability distributions (Fig. 4b).
The in-house tubulin had a consistent and lower
persistence length over time. On the day of creation, the
average persistence length was 0.6 ± 0.1 mm, and 24 h
later, the average persistence length was 0.6 ± 0.1 mm
(Fig. 4c, ﬁt parameters given in the ﬁgure caption,
Chi-squared = 0.005 for both 4 and 24 h data ﬁts). We
performed a student’s t-test on the distributions of
ln-transformed data, and there is a 74% chance that
these are the same distribution. Thus, we conclude that
the persistence length does not change for the in-house
microtubules. The cumulative probability distributions
of the 4 and 24 h data are also very similar. At short
persistence lengths, they are virtually identical, but do
diverge for persistence lengths longer than 0.6 mm
(Fig. 4d). This divergence is also observed in the
ln-transformed data histograms (Fig. 4c).

MAPs
tubulin

50 kD

4 hours
in-house +
commercial +

24 hours
+
+

FIGURE 3. Microtubule persistence length depends on
preparation. (a) Normalized histograms of natural log-transformed microtubule persistence length with fits to Gaussian
functions for measurements made from commercial tubulin
(red bars, red line) or in-house tubulin (black bar, black line).
Fit parameters for the commercial tubulin data are A = 46 6 2,
x0 = 0.41 6 0.05, r = 1.16 6 0.07, and the goodness of fit is
0.98, the Chi-squared is 0.003, and the number of microtubules is 17. Fit parameters for the in-house tubulin data are
A = 35 6 2, x0 = 0.59 6 0.08, r = 1.6 6 0.1, and the goodness
of fit is 0.98, the Chi-squared is 0.003, and the number of
microtubules is 29. (b) The cumulative distribution of microtubule persistence length for commercial tubulin (red circles,
red line) and in-house tubulin (black circles, black line.
(c) Coomassie-stained SDS-PAGE protein gel of 10 lg of
in-house (lanes 3 and 7) and commercial (lanes 5 and 9)
microtubules after polymerization and pelleting, as described
for use in the methods. The box denotes the residual high
molecular weight proteins. The image has had the brightness
and contrast enhanced maintaining a linear scale so that
these bands are easier to visualize. Microtubules were collected as samples 4 h (lanes 3 and 5) and 24 h (lanes 7 and 9)
after polymerization. Lane 1 shows molecular weight markers
of 250, 150, 100, 75, 50, 37, and 25 kD.

Persistence Length is Independent of Rhodamine
Labeling
We measured the persistence length of microtubules
made with 7, 10, 16, and 25% rhodamine-labeled
tubulin dimers. We measured the persistence length of
Taxol-stabilized microtubules at 4 and 24 h. We decided
to use the data from 24 h because (1) the data were
always more consistent after 24 h, and (2) the commercial tubulin data became the same as the in-house
tubulin data after 24 h. We found that the percentage of
rhodamine-labeled dimers did not aﬀect the persistence
length signiﬁcantly (Fig. 5). In order to display the
probability distribution, we used box-plots that denote
the minimum value, maximum value, ﬁrst, second, and
third quartiles. It is clear that these distributions overlap
signiﬁcantly. We also performed the ANOVA test to
compare the four distributions and found no statistically
signiﬁcant differences in the distributions (p = 0.31).
Thus, we conclude that rhodamine labeling does not
affect the persistence length measurement.
Persistence Length is Independent of Filament Length
for Short Microtubules
Two recent publications have shown that the persistence length of the microtubule is length dependent
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FIGURE 4. Age-dependence of microtubule persistence length depends on preparation. (a) Normalized histograms of natural logtransformed microtubule persistence length with fits to Gaussian functions for measurements of commercial microtubules that are
4 h old (red bars, red line) and 24 h old (black bars, black line). Fit parameters for the 4 h data are A = 46 6 2, x0 = 0.41 6 0.05,
r = 1.16 6 0.07, and the goodness of fit is 0.98, the Chi-squared value is 0.003, and the number of microtubules is 17. Fit
parameters for the 24 h data are A = 44 6 3, x0 = 20.59 6 0.08, r = 1.3 6 0.1, and the goodness of fit is 0.97, the Chi-squared value
is 0.005, and the number of microtubules is 29. (b) Cumulative distribution of commercial tubulin persistence length measured at
4 h (red circles, red line) and at 24 h (black circles, black line). (c) Normalized histograms of log-transformed microtubule persistence length with fits to Gaussian functions for measurements of in-house microtubules that are 4 h old (red bars, red line) or
24 h old (black bar, black line). Fit parameters for the 4 h data are A = 35 6 2, x0 = 20.59 6 0.08, r = 1.6 6 0.1, and the goodness of
fit is 0.98, the Chi-squared value is 0.005, and the number of microtubules is 29. Fit parameters for the 24 h data are A = 50 6 3,
x0 = 20.76 6 0.06, r = 1.18 6 0.09, and the goodness of fit is 0.97, the Chi-squared value is 0.005, and the number of microtubules
is 11. (d) Cumulative distribution of in-house tubulin persistence length measured at 4 h (red circles, red line) and at 24 h (black
circles, black line).

for short microtubules (5 lm < Lc < 35 lm).21,28
Although we do see a number of signiﬁcant changes to
the persistence length as a function of microtubule
preparation, we do not see dependence on the contour
length in our data. We plotted the persistence length as
a function of microtubule contour length for both the
prior analysis method and using the bootstrap
(Fig. 6b). We see no difference between the two
methods, and both are independent of the microtubule
contour length for short microtubules. If all of our
data were plotted together, it could appear that there is
a length-dependent persistence length, but there was a
lot of scatter in the data (200 microtubules, Fig. 6a).

DISCUSSION
We have measured the eﬀects of ﬂuorescent labeling, tubulin preparation, and microtubule age on
microtubule rigidity. We employed a standard thermal
ﬂuctuation method with automated analysis combined
with a new bootstrapping method to determine the
error in our measurement and to achieve more reliable
results. We prefer the bootstrapping method to prior
methods for several reasons: (1) It allows us to calculate the error in the variance without repetitious
experiments on degrading samples. (2) It allows us to
perform a least-squares ﬁt to the variance data for all
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FIGURE 5. Microtubule persistence length does not depend
on rhodamine content. Box plots of the log-transformed
microtubule persistence length measurements for in-house
microtubules measured 24 h after polymerization. We tested
four different concentrations of rhodamine, 7% (n = 14, maroon), 10% (n = 20, red), 16% (n = 40, orange) and 25% (n = 31,
peach), respectively. The box plot represented the distribution
of the data: The minimum is represented by the lower bar; the
first quartile (Q1) is represented by the bottom of the box; the
median (Q2) is represented by the middle line of the box;
the third quartile (Q3) is represented by the top of the box; the
maximum value is represented by the upper bar. The median
values for 7, 10, 16, 25% are 20.26, 20.56, 20.54, 20.26,
respectively.

the modes, instead of taking only the ﬁrst few modes
into account, as previous groups have done. (3) We
perform the ﬁtting of Eq. (1) to our data in a smart
way by taking the error into account, thus the ﬁt uses
all the data, but ﬁts to the low-noise regime better.
Further, we ﬁnd that the bootstrapping method and
weighted ﬁtting results in lower error in the determined
persistence length, which gives us more conﬁdence in
our comparisons between different conditions (Supplemental Fig. 1C). It should be noted that, as this
paper was under review, another method using spectral
analysis was published and had fundamentally similar
results in terms of determining the error of the variance
to allow a global ﬁt to all the mode data.35 Using this
method, the results obtained for Taxol-stabilized
microtubules were similar to ours.
Although the persistence length has been measured
before, no previous study has examined the distribution of the persistence length or tried to understand
why there is such a high variability in the measurement. We ﬁnd that the distribution is log-normal, and
that solid statistics can be done with distributions of
ln-transformed data, allowing unambiguous comparisons between diﬀerent experimental states. The lognormal distribution was also reported in a very recent
publication where they use a spectral analysis method
to perform the measurements only on Taxol-stabilized
microtubules.35 This group does not describe why
there is a log-normal distribution. We believe that the
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FIGURE 6. Persistence length does not depend on microtubule contour length. (a) We plotted the microtubule persistence length as a function of contour length for 200
microtubules measured with different conditions. We combined the different rhodamine-labeling conditions together to
show the data for in-house microtubules at 4 h (green circles),
in-house microtubule at 24 h (purple squares), commercial
microtubules at 4 h (pink circle), and commercial microtubules at 24 h (blue squares). (b) Plot of the persistence length
of microtubules (y-axis) for both the prior method (black circles) and the bootstrap method (red squares) plotted against
the microtubule contour length (x-axis). We see no dependence of the persistence length on the contour length for
either method. Mean values are denoted by horizontal lines
for prior (black line) and bootstrap (red line) methods.

large variability and the log-normal nature of the distribution are due to the inhomogeneities in the
microtubule population used in the assays. We are
using Taxol-stabilized microtubules, which are known
to have a variable protoﬁlament number and helicity
and dislocation defects, or protoﬁlament shifts, within
individual microtubules.1,5 Although we typically
assume that I, is constant, several structural studies
have shown that Taxol-stabilized microtubules can
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have protoﬁlament numbers from 12 to 15.6 From
cross-sectional images of these microtubules, we have
estimated that I ranges from I2 = 6.7 9 103 to I15 =
2.8 9 104 nm4. Further, several studies have demonstrated that Taxol-stabilized microtubules (stabilized
with Taxol 1 day after polymerization) have a protoﬁlament shift defect along their lengths, at a frequency
of 1 defect per 15–17 lm.1,5 Although we stabilized
with Taxol immediately after polymerization in the
absence of Taxol, we believe these Taxol-stabilized
microtubules will still have more defects than microtubules without Taxol. The defects will effectively
broaden the distribution of I even for a single microtubule. Finally, in addition to actual size changes, the
microtubule cross-section has been shown to ﬂuctuate
in shape from circular to oval in high-resolution
structural studies,6 and these ﬂuctuations could also
contribute to changes in I.
We have shown that there is a diﬀerence in the
persistence length by a factor of two depending on the
preparation. We compared commercially available PC
tubulin to our in-house tubulin. Both preparations
remove MAPs using ionic strength, but do so by different methods. Both preparations result in relatively
clean tubulin 99% pure with a few contaminating
proteins of high molecular weight (Fig. 3c, Supplemental Fig. 2B). We ﬁnd that the contaminating bands
of the commercial tubulin represent active MAPs that
could be binding and enhancing the rigidity of the
microtubules. It has been shown that structural MAPs,
such as tau and MAP2, can increase the persistence
length of microtubules.9,11,23 One study examined the
effects of both Taxol and increasing concentrations of
full-length tau protein, a MAP that enhances growth
and stability of microtubules in axons.11 First, they
established that Taxol-stabilized microtubules had a
persistence length of 0.2 mm, similar to our measurements. Further, they found that tau enhanced the
persistence length proportional to the concentration of
tau present. For instance, 2% tau (ratio compared to
tubulin dimer content) increased the persistence length
from 0.9 ± 0.2 mm (without Taxol) 1.1 ± 0.4 mm,
and 18% tau increased the persistence length to
2.2 ± 0.3 mm. They also found that MAP2, a dendritic stabilizing MAP, increased the persistence length
even more than tau, and a brain MAP-mix was even
more potent. Interestingly, Dye et al.9 found that
microtubules with MAP2 and Taxol together had the
same ﬂexibility as MAP2 alone, implying that the
increased ﬂexibility of Taxol and the increased rigidity
of MAP2 do not cancel each other out. We do not
know exactly which brain MAPs are residual in the
commercial or in-house preparations, but they may
contribute to the increased the persistence length we
observe.

We have presented evidence that seemingly minor
alterations to the preparation of microtubules can have
a qualitative (factor of 2) eﬀect on the resulting persistence length measured. This eﬀect is consistent and
statistically signiﬁcant, but does not capture the two
orders of magnitude discrepancy in measured values in
the literature (for a comprehensive review with table of
prior measurements, see Hawkins et al.15). If one
compares the measured ﬂexural rigidities for Taxolstabilized microtubules measured by a variety of
means, there is as much variance for the 22 reported
measurements as there are in our single set of measured
microtubules (n = 200). These measurements have
been made with different techniques (freely ﬂuctuating
ﬁlaments with one or both ends free, calibrated ﬂow,
buckling with optical traps, buckling with kinesin
motors, and forced bending against viscous drag), but
the data have similar results from wildly different
techniques, and wildly different results from the same
technique. Perhaps, the variation derives not only from
the effects we observe in preparation, but also in different
values for the second moment of inertia, and the low
numbers of measurements for performing the required
statistical analyses needed. Our data sit in the middle of
the range of data collected from other groups. Given the
high and asymmetric variance of the data, we propose
that higher number of microtubules need to be measured
and histograms of the results must be used to compare
differences in future studies.
One might expect that, as the dimers begin to
degrade, the microtubules would become more ﬂexible
over time. We kept the same stock preparation of
polymerized microtubules at 37 C over 24 h to
examine the same set of microtubules directly after
polymerization and then 1 day later. We found that
age had large eﬀect for the commercial tubulin preparation and not for the in-house preparation (Figs. 4a,
4b). We ﬁnd that after 24 h of incubation, the persistence length of the commercial microtubules drops to
the same level as the in-house microtubules, which is
constant over 24 h (Fig. 4c, Supplemental Fig. 2A).
One possible explanation for this aging effect could be
that the residual contaminating MAPs present in the
commercial tubulin lose activity after 24 h. Another
possible explanation is that the more rigid microtubules are less stable and disassemble after 24 h, or that
the microtubules end-to-end anneal so that the entire
population is more homogeneous and ﬂexible.
We tested the eﬀect of increasing the number of
rhodamine-labeled tubulin dimers in the microtubule,
and found it has no eﬀect. Rhodamine-labeling consists of covalently linking a rhodamine dye to surface
lysine residues of the tubulin dimer. Lysines are
found around the surface, but predominantly at the
inter-dimer interfaces. The labeling is performed on
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polymerized microtubules to reduce the labeling on the
lysines essential for polymerization. Despite this care,
up to 90% of tubulin dimers are lost and unable to
repolymerize in the labeling process, implying that
those lysines are labeled and aﬀect polymerization.18
Our results indicate that the remaining 10% of labeled
dimers are probably labeled on lysines outside of the
inter-dimer regions, because we see no change in persistence length with increasing concentrations of
labeled dimers. This compliments some recent work
performed on the polymerization kinetics of labeled
microtubules where they also ﬁnd that high levels of
labeled tubulin dimers do not affect the dynamics of
microtubules.12
Measurements of microtubule persistence length
inside cells are diﬃcult because we cannot quantify the
forces acting along the microtubule. Unlike in our
simple, thermally driven in vitro system, the forces
inside cells include active motors and conﬁning forces
due to other ﬁlaments. Microtubules inside cells have
been observed to create high curvature.25 Sometimes
they break and sometimes they do not. We have shown
that much of the breakage is due speciﬁcally to the
activity of microtubule-severing enzymes.37 After
breakage, the microtubules can retain their curvature,
implying that the forces acting on them persist.36 One
possible means to determining the persistence length of
cellular microtubules would be to gently extract intact
microtubules from cells with their bound MAPs, but
removing the crowding and crosslinking active agents.
Using these extracted microtubules in a thermal
experimental system would allow for measurements of
natural microtubules with all the intact isotypes, posttranslational modiﬁcations, and MAPs. If successful,
such experiments could also compare between microtubule populations in different cell types and compartments, such as axons and dendrites.

CONCLUSIONS
Microtubule persistence length has been measured
numerous times over the years with varying results for
similar experimental systems. Here, we have presented
results that through meticulous experiments and statistical analysis, clear conclusions can be made about
the persistence length of microtubules, and how even
something as innocuous as diﬀerent preparations of
tubulin can greatly aﬀect the measurement by a factor
of 2. The measurements made over the years have the
same variation in the results that a single measurement
of many microtubules has, implying that this measurement is tricky and requires high repetitions and
careful analysis. Using an improved bootstrapping
analysis to estimate the error of the variance, we can

now begin to compare data for microtubules of different conditions, such as tubulin isotype, posttranslational modiﬁcation, or species-dependent eﬀects.
Further, MAPs that both increase or decrease the
rigidity need to be explored.
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